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Abstract 
It is shown that every continuous mapping from a metrizable space into a T0-space X can be 
factorized via a metrizable space of cardinality at most 2 wx. The assumption of To is essential. 
This solves completely a Herrlich's problem about almost coreflectivity of metrizable spaces. 
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During the Prague Topological Symposium in 1991, H. Herrlich asked: Is the class 
of  metrizable spaces almost coreflective in topological spaces? In other words, does for 
every topological space X exist a metrizable space Mx such that every continuous 
mapping from a metrizable space into X factors continuously via Mx? In this paper, 
we shall show that exactly To-spaces have almost coreflections in metrizable spaces, and 
that some other relative classes of spaces are almost coreflective. 
Since metrizable spaces are closed under retracts and disjoint sums, Herrlich's question 
is equivalent o the following question: Does there exist a cardinal function ~ such 
that every continuous mapping from a metrizable space into a topological space X 
factors continuously via a metrizable space of cardinality at most ~b(X)? A dual situation 
(converted arrows) for a special case of embeddings was investigated in [2] for several 
classes of topological spaces. W.W. Comfort proved that there is no cardinal function ~b 
such that for every embedding of a space X into a pseudocompact (or almost compact) 
space Y there exists a pseudocompact (or almost compact, respectively) subspace of 
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Y of cardinality at most ¢(X) containing X. The same assertion for compactness (no 
separation axiom) was proved in [4]. See also [3] for general relations and properties of 
such situations in topological spaces. 
At first we shall show that non-T0-spaces cannot have an almost coreflection i  metriz- 
able spaces. That follows from a more general Proposition 11 in [1]; for simplicity and 
completeness we shall repeat he original proof suggested by the first author in 1991. 
Proposition 1. Let X be a non-To-space. Then for every cardinal a there exists a metriz- 
able space Ms  and a continuous mapping from Ms  into X that cannot be factored via 
a metrizable space of  cardinality at most a. 
Proof. There is an indiscrete subspace Y C X of cardinality 2. Take an infinite cardinal 
c~ and a strong limit cardinal/3 ~> 2 s with cofinality ~o. Denote by Ms the countable 
power D(/3) ~° of a discrete space D(/3) of cardinality ft. The cardinality of the set of 
continuous mappings of Ms into X is at least that of the set of all mappings from Ms 
into Y, i.e., exp(fl ~°) = exp exp(fl). The cardinality of the set of continuous mappings 
of Ms into a metrizable space of cardinality at most a is at most a ~ = exp(/3), since 
Ms has density /3. There are at most exp(a) of metrizable spaces having cardinalities 
at most c~, and exp(a) of continuous maps on each such a metrizable space into Y. 
Consequently, there must be a continuous mapping from Ms into X (in fact, into Y) 
that cannot factor via a metrizable space of cardinality at most a. [] 
The remaining case of T0-spaces was solved in the positive by the second author 
in June 1993 by means of a result concerning models, [7]. We shall present here a 
topological proof having the same original idea. By a hedgehog H~ having ~ spines we 
mean the metrizable hedgehog, i.e., the quotient of ~ many closed intervals [0,1] sewed 
together in zeros and endowed with the metric d(x, y) = Ix - Yl provided x, y belong 
to the same spine, d(x, y) = x + y otherwise; the point of the a's spine corresponding 
to r E [0, 1] is denoted by (a, r). We shall use the well-known embedding of metrizable 
spaces into countable products of hedgehogs (see, e.g., [5, 28.8]) 
Proposition 2. Let X be a To-space. Every continuous mapping from a metrizable space 
into X factors continuously via a metrizable space of cardinality at most exp(w(X)). 
Proof. Take a metrizable space M and a continuous mapping f : M --+ X. Let {Gs: a E 
w(X)} be an open base of X, B be an open base of M that can be written as a countable 
union of discrete systems Bn, n E co. For every B C B choose a continuous function 
eB:M --+ [0,1] with e~J(0) = M - B and define ek:M --+ Hltskt by ek(z) = 0 
if z ~ UBk ,ek(z )  = (B, es (z ) )  if z E B C Bk; clearly, ek is continuous because 
Bk is discrete. In Hlwkt we identify (B , r )  with (B ' , r )  provided B C f - l (Gs)  iff 
B'  C f - l (Gs) ,  a C w(X); in that way we get a continuous mapping qk from Hit~kl 
into Hexp(~,(x)). The composition qkek is the kth coordinate of a requested continuous 
mapping : M --+ H~xp(w(x) ).
We shall prove that f factors continuously via 9 restricted to its image. 
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To show that f factors via g, we must show that fz l  7 ~ fz2 implies 9zl ~ gz2: there 
is an a such that, say, fz2 E G,~, fz l  ~ G,~ (since X is To); thus there must be a 
k, B C/3k with z2 C B C f -1  (G~)--consequently, the kth coordinates of 9zl, 9z2 are 
different. Thus, there exists a mapping h : 9(M) --+ X such that f = h 9. 
It remains to prove that h is continuous. Take z E M and suppose that f z  E G,~. 
Then we can find n and B E /3,~ such that z E B C f-l(G,~). Therefore the nth 
coordinate of 9(z) equals to (A, r) for some A C w(X)  and some r ¢ 0; take the 
neighborhood V of 9z c H~p(w(x)) determined by its nth coordinate neighborhood 
{(A, s): I s -  r[ < r}. For p E V ~9(m)  take a y C g-l(p). Since the nth coordinate of 
gY equals to (A, s), where s ¢ 0, y must belong to some B' C/3,~ with B'  C f -1  (G~) 
and so hp = fy  C G~. The proof is complete. [] 
The whole proof becomes much easier in case the metrizable space M is strongly zero- 
dimensional (i.e., Ind M = 0, or there is a non-Archimedean metric on M). Then all ~3~ 
may be chosen open partitions of M, the mappings eB are two-valued, so that instead of 
hedgehogs we may take discrete spaces (the tops (a, 1) of spines of the hedgehog); the 
space g(M) is also strongly zero-dimensional then. It may be convenient to formulate 
this observation as a proposition: 
Proposition 3. Let X be a To-space. Every continuous mapping from a strongly zero- 
dimensional metrizable space into X factors continuously via a strongly zero-dimensional 
metrizable space of cardinality at most exp(w(X)). 
The trivial example of taking the identity mapping of the space D(/3) '° from the 
proof of Proposition 1 shows that the bound exp(w(X)) cannot be decreased neither in 
Proposition 2 nor in Proposition 3. We can formulate the last two results in the following 
way that answers the question asked by H.L. Bentley after Proposition 1 was known. 
Theorem 4. (i) The class of pseudometrizable spaces is almost coreflective in topological 
spaces. 
(ii) The class of strongly zero-dimensional pseudometrizable spaces is almost coreflec- 
tive in topological spaces. 
Proof. We shall prove only the first assertion. If f : M -+ X is a continuous mapping 
from a pseudometrizable space M, the corresponding mapping t f :~M --4 tX,  where 
tY  denotes the T0-modification of Y, is continuous, tM is metrizable, so t f  factorizes 
via a metrizable space P with IPI ~< exp(w(s)). Now, there is a pseudometrizable 
space Q, being a subspace of a product of P and of an indiscrete space on ]X[ (thus 
tQ = P), such that f factors via Q (one uses here that a mapping 9 is continuous iff 49 
is continuous). [] 
The proof of Proposition 2 may be modified for cases when we know that M has a 
n-discrete cozero (or clopen) base; then the "middle" space gM has the same properties. 
We get: 
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Theorem 5. The class of spaces having a n-discrete cozero (or clopen) base is almost 
coreflective in topological spaces. 
Of course, there are other modifications or corollaries of our procedure. For instance, 
if we take for C a subclass of metrizable spaces closed under continuous images, then 
Proposition 2 is valid for members of C instead of metrizable spaces (since 9(M) will be 
in C whenever M E C); so we may consider compact metrizable spaces, or metrizable 
spaces having density at most a given cardinality, or connected metrizable spaces-- 
however, it is true that the modified Proposition 2 for the first two suggested classes 
follows from general results of [3] because these classes are small. 
It is not necessary in the previous paragraph torequire that C is closed under continuous 
images, it suffices to assume that for M E C, every f : M ~ P, P metrizable, factors via 
a small member of C (i.e., C is almost coreflective in metrizable spaces). For example, 
using a Pasynkov's result from [6], we may take for C the class of metrizable spaces M 
with dim M ~< n for a given n. Thus the class ofpseudometrizable at most n-dimensional 
spaces is almost coreflective in topological spaces. We shall state the factorization part 
of that result as a proposition: 
Proposition 6. Every continuous mapping from a metrizable space M into a To-space 
X factorizes continuously via a metrizable space P with dimP ~< dimM, w(P) <~ 
exp(w(X)). 
Recall that the Pasynkov factorization theorem uses more restrictive metrizable ranges 
for X (but then exp may be omitted in the assertion), and more general domains, namely 
normal spaces as M. As above, one may omit the To-condition and use pseudometrizable 
spaces instead of metrizable ones. 
Another possible look at our procedure is not to consider separation by means of 
mappings into reals or discrete spaces but into other spaces. A natural idea is to consider 
mappings into the Sierpinski space. Then we may assume that open bases are n-disjoint 
instead of n-discrete (again, the T0-condition may be omitted): 
Proposition 7. Every continuous mapping from a space having a n-disjoint open base 
into a To-space X can be factorized via a To-space P with IPI <~ exp(nw(X)), w( P) <~ 
n exp(w(X)) and having a n-disjoint base. 
Proof. The procedure is identical with that of proving Proposition 2, only we take the 
Sierpinski space S instead of reals. If 13 is an open base of M that is a union of disjoint 
systems/3n, r/E n, then eB is now the continuous mapping M --+ S such that B is the 
preimage of the open point of fi'. The hedgehog Ha is now constructed by means of the 
spaces S sewed together at the closed point. [] 
At the end we recall a problem from [1] concerning normal spaces (normal spaces are 
regarded without any extra separation axiom except he defining one: every two disjoint 
closed subsets are separated by disjoint open subsets). All the normal spaces form a 
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,-called projective class in topological spaces that is generated by a single map. Hence, 
ere is a reason to believe that normal spaces are almost coreflective; otherwise it would 
a nice counterexample to a possibility that projective classes that are generated by a 
agle map are almost coreflective (that is a general problem posed in [3]). The same 
Luation applies to perfectly normal spaces and to strongly zero-dimensional spaces. 
roblem. Are the classes of normal spaces, or of perfectly normal spaces, or of strongly 
~ro-dimensional spaces almost coreflective in topological spaces? 
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